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Abstract - The objective of this paper is to introduce the notion of two-dimensional harmonic convex and harmonic
quasi-convex functions. We have defined some fundamental properties of two dimensional harmonic convex and
harmonic quasi convex functions. In this paper, we have proved that product of two dimensional harmonic convex
functions are two dimensional harmonic convex functions. The intersection of two dimensional harmonic convex sets is
two-dimensional harmonic convex set. It is, further proved that a two dimensional harmonically log-convex
functions imply two dimensional harmonically convex functions and two dimensional harmonically convex
functions implies the two dimensional harmonically quasi-convex functions. Beside this, we have also defined some
fundamental properties of harmonic convex and harmonic quasi convex functions which holds in one dimension
are also valid in two dimensions. The ideas and techniques used in this paper are very interesting and may be
helpful for researcher to carry further research in this field.
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l. Introduction

The idea of convexity is not new one even it is found in the works of Archimedes’
treatment of orbit length in some other form. Hermann Minkowski and Werner Fenchel were
the great mathematician, who first of all studied some geometric properties of convex sets and
convex functions before 1960. At the beginning of 1960, R. Tyrrell Rockafellar and Jean-
Jacques Morreau initiated a systematic study of convex analysis. Nowadays, the application of
several works on convexity can be directly or indirectly seen in various subjects like real
analysis, functional analysis, linear algebra, topology, non linear programming and differential
geometry. Convexity theory has appeared as a powerful technique to study a wide class of
unrelated problems in pure and applied sciences. Many articles have been written by a number
of mathematicians on convex functions and inequalities for their different classes. In the last
few decades, the subject of convex analysis got rapid development because of its geometry and
its role in the optimization. There are several books devoted to different aspects of convex
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analysis and optimization. See [1-6]. A significant class of convex functions, called
harmonic convex was introduced by Anderson et al. [1] and Iscan [4]. Noor and Noor [6,
7] have shown that the optimality conditions of the differentiable harmonic convex
functions on the harmonic convex set can be expressed by a class of variational
inequalities, which is called the harmonic variational inequality. For recent developments
and applications, see [5-7, 8-13, 19-20]. In this paper, we show that two dimensional
harmonic convex and two dimensional harmonic quasi convex functions have some nice
properties. Further, we have investigated various fundamental properties of two
dimensional harmonic convex functions and two dimensional harmonic quasi convex
functions by taking up the same ideas and techniques used in one dimension

I1. Preliminaries

In this section, we recall definitions of convex set, convex functions, harmonic convex
functions, harmonic quasi convex functions and some fundamental results already defined in
one dimension. By using the idea of generalizations and extensions, we have given new
definitions as two-dimensional convex set, two dimensional convex functions, two dimensional
harmonic convex functions and two dimensional harmonic quasi convex functions by
amplifying the idea of one dimension to two dimensions.

Definition 2.1. A set Kc R? is said to be two dimensional convex set, if ¥ (x.v).(z.W) €K,
we have (&x+(1-f)z. tv+(1-H)w)e K. Vt€[0.1].

Definition 2.2. A function f:K cR?* SR issaid to be two dimensional convex function, if
flx+A-0)z, v+ -Dw) < (x. )+ (A=) f(z.w). Y (x.»).(z,w) e A& €[0.1].

Definition 2.3. A set Ac R such that R ={(x.y):x>.»>0}. Then Ais said to be two
Xz n
:+f(.\'—:).u'+t(_1‘—1r)

dimensional harmonic convex set, if [ JEA.V(.\; y)(z,w)eA,te[0,1].
Definition 2.4. [8] A function f:Ac R’ — R is said to be two dimensional harmonic convex

function on A if

xz e
f[ 24+ H(x—2) wH+Hy—w)

convex function on A if

]S(l— ) f(x. )+ (2. w) Y (x, 9).(z,w) € At €[0,1].

[' xz n
z+t(x—z2) wH+t(y—w)

) <max { f(x, y), f(z,w) }. V (x, ). (z,w) € A,z €[0,1].

\

Definition 2.7. The function f is said to be two-dimensional harmonic quasi-concave
if and only if —f is two dimensional harmonic quasi-convex.
(a) A function f is two dimensional harmonic quasi-convex, if whenever
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f(z,w)> f(x,Y)
(b) A function f is said to be strictly two dimensional harmonic quasi-convex, if

f(z,w)> f(x,Y)

Definition2.8. [3] A function f:Ac R? — R is said to be two dimensional harmonic

log-convex functions on A if

xz nwy » :
i \ : S((f(.*(._v))1 (f(z,w)) ) V(x,y),(z,w)eA.t€[0.1].
z+Hx—z) w+t(y—w) '
Definition 2.9. LetA be a non empty set in R? and f:Ac R’ — R be a function.
Then epigraph of f denoted by E(f) and is defined as
E(f)={(& D) :{=(x,y) €A AeR, f(H)< A}

Definition 2.10. A function f:Ac R’ — R is said to be two dimensional harmonic

pseudo-convex function with respect toa strictly positive function 7)(.,.) such that

fx»)> f(z.w)

e i Cicq) - L v), (2w VYV (x, ). (2w A :1):
f[ :H(x_:).“‘H(y_w)]<f(-\.3)+f(1 H[(x.3).E)].V @y w)e Are(0.1)

Theorem 2.11. Let A be a harmonic convex set and f:Ac R’ - R be atwo

dimensional harmonic convex function. Thenany local minimum of f is a global
minimum.

Proof. Let (X,y)eA be a local minimum of two-dimensional harmonic convex
function f.

Suppose on the contrary that f (z,w) < f(x,y)eS, since f is two-dimensional harmonic
convex function. Then,

f[ x W js(l—t)f(x,y)+tf(z,W),V(x,y),(z,W)eA,te[O,l].
Z+t(x—2) w+t(y—w)

< f(xy)—tf(x,y)+tf (z,w)

= f(x, y)+t(f(z,w) - f(x,¥))
f[ X AL J—f(x,y) <t[f (z,w) - T (x,)]

Z+t(x=2)" w+t(y-w)

Xz yw
Z+t(Xx—2) w+t(y—w)

For some t >0, it follows that f[ ]< f(x,y) , which is a

Contradiction.
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Hence every local minimum of f is global minimum.

Theorem 2.12. If f:Ac R*. — Rbe two dimensional harmonic log convex function

on A, then f is two dimensional harmonic convex function implies f is two
dimensional harmonic quasi-convex function.

Proof. Suppose f istwo-dimensional harmonic log convex function. Then for

all (x,y),(z,w)eA and t€[0,1] , we have

o H S L)

Z+t(x—2) w+t(y—w)

yw 1-t t
jf(zﬂ(x ) wHt(y - W)j (Fey)) +(fzw)
yw t
:f(zﬂ(x 7) wW+t(y— W)] (f(x y)) +Hf@w)

yw
:f(z+t(x ) Wy W)js(l—t)f(x,y)ﬂf(z,w)

( yw J< max{ f (x,y), f (2, W)}

Z+t(x—2) w+t(y—w)
This proves that f is two-dimensional harmonic log convex functions
= f is two-dimensional harmonic convex function

— f Is two-dimensional harmonic quasi convex function
The converse of the theorem (2.12) need not be true.

I1l1. Main Result

In this section, we discuss some properties of two dimensional harmonic convex
functions and harmonic quasi convexfunctions.

Theorem3.1. If A, and A, are two two-dimensional harmonic convex sets, then
A, NA, is also a two-dimensional harmonic convex set.
Proof. Let (x,Y), (z,w) e A, "A,,t€[0,1] . We have to prove that A, N A, is also harmonic
convex set. For this, (Xx,Y),(z,w) e A, NA,

= (X, ¥),(z,w) e A, and (x, ¥),(z,w) € A,

= Xz , yw €A, and Xz , yw €A,
Z+t(x—2) w+t(y—w) Z+t(x—2) w+t(y—w)
N Xz ’ yw
Z+t(x—2) w+t(y—w)
= A, NA, is a two-dimensional harmonic convex set.

JeAlﬁAz,te[O,l]
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Theorem3.2. Let A be a two-dimensional harmonic convex set and f:Ac? —[

be a two-dimensional harmonic convex function. Then F=Af is also two-
dimensional harmonic convex function, where A >0.

Proof. Let A be a two-dimensional harmonic convex set. Then for
(x,¥), (z,w) e A, t €[0,1], we have

f( Xz ’ yw j:’l( Xz ’ yw j

Z+t(x—2z) w+t(y—-w) Z+t(x—=2) w+t(y—-w)
<SAH{@A-t) F(x, y)+tf (z,w)}
=@Q-0)AF (X y)+tAf(z,w)
=1-t)f(x,y)+tf(z,w) [ Af =1]

X2 W ca—t)f(xy)+tf (2, W), V(% y), (z,W) e At €[0,1].
Z+t(x—2) w+t(y—w)
L f=Af is a two-dimensional harmonic convex function.

Theorem 3.3. let f:Ac R’ — R be a two dimensional harmonic convex
function on two dimensional harmonic convex set A . Then the level set
A, ={(.\‘._1‘)EA:f(.\.'.J‘)S/i./'{.ER} is a two dimensional harmonic convex set.

Proof. Let(x,y), (zzw)eA,. Then f(x,y)<A4, f(z,w)< 1.

Xz yw
Now f(z+t(x—z)’ W—I—t(y—W)J <@-t)f(x,y)+tf (z,w)

<@A-t)A+tA
=A-tA+t4

=1
Xz yw
f[z+t(x—z)’ W+t(y—w)j sA VYL@ w) e,

= A, is atwo-dimensional harmonic convex set.

Theorem 3.4. The function f:AcR?. - R is two dimensional harmonic

convex if and only if E(f ) is two dimensional harmonic convex set.

Proof. First, suppose that f istwo-dimensional harmonic convex function and
Let (&.4).(&.4)€E(f) , where & =(xY).& =(z,W)
Then f (&) <A, (&) <A, . For te[0,1] , we have

Xz YW
f(z+t(x—z)' W+t(y—w)j <(@-t)f(x,y)+tf(z,w)
=[1-t) f (&) +tf (&)
<@A-t)A +t4,
Xz yw
((z +t(x—2) W+t(y—w))’(1_t)/11+m?jE E(T)
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= E(f) is two-dimensional harmonic convex set
Conversely, suppose E(f) is two-dimensional harmonic convex set and let &,&, €A

Then (&, f(&)), (&, T(&,)) e E(f) , we have
[ Xz yw ),(1—t)21+tﬂ?jeE(f)

Z+t(x—2)" w+t(y—w)

Xz yw
f , <@A-t)f(x,y)+tf(z,w
£z+t(x—z) W+t(y—W)j =0T y)+th (z.w)
= f is two-dimensional harmonic convex function.

Theorem 3.5. [8] If f and y are two, two dimensional harmonically convex
functions. If f and y are similarly ordered, then f y is also two dimensional
harmonically convex function.

Proof. Let f and y are two dimensional harmonically convex functions. Then

f( Xz yw j ( Xz yw j
Z+t(x—2) w+t(y—-w) v Z2+t(x—2) w+t(y—w)

<[A-1) F(x, y)+tf (z WI[A-yw (X, y) +ty(z, W)]
= (1= F (%, Y)w (%, y) +t Q=) F (X, Yy (z, w) +t1-t) f (Z, W (x, y) +1* F (2, W)y (z, W)

= (1= F (%, Y)w (%, y) +1f (2, Wy (2, W) + @=1)* £ (X, Yy (x, y) + 1 F (2, Wy (z, W)

HA-OLF (X V) (z W) + T (2, Wy (X, y)]1-A-1) T (x, Yw(x, y) -tf (2, W)y (z,w)
<@A-Df(x Vv (x y)+1f (2, Wy (z,w)

¢ Xz yw XZ yw
Z+t(x—2) w+t(y—w) v Z+t(x—2)" w+t(y—w)
S@A-t) (% y)w (X y)+tf (2, Wy (z,w)

This proves that product of two, two dimensional harmonically convex functions is two
dimensional harmonically convex functions.

Theorem 3.6. Llet Abe a two dimensional harmonic convex set. If the
function f:AcR?’ — R is two dimensional harmonic convex function and
z//:R'Z—>R is linear function, then wof is two dimensional harmonic convex
function.

Proof. Suppose that f is two-dimensional harmonic convex function and y is linear function.

Then
Xz yw _ Xz yw
(Wf)[zﬂ(x—Z)’ W+t(y—W)J _W[f [z+t(x—z)' W+t(y—w)ﬂ

<p{L-1) F(x, y) +tf (2, W)}
= 1=y (f(x, y) +tw (f(z,w))
=(1-t)(yof )(x, y)) +t(wof )(z,w))
This proves that wof istwo-dimensional harmonic convex function
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Theorem 3.7. If f:AcC R? — Rbe a two dimensional harmonic quasi- convex

function and l//:R: — R is increasing function, then wof :A —R is a harmonic
quasi convex function.

Proof. Suppose f is two-dimensional harmonic quasi-convex function and vy is
increasing function. Then

Xz yw _ Xz yw
(WOf)[zH(x—Z)’ W+t(y—W)J _W[f(zﬂ(x—z)' w+t(y—w)ﬂ

<y [max{f(xy), f(z.w)}]
= max {yof (x, y),pof (z,w)}

= max {(of )(x, ), (wof )(z, w)}
~.wof is two-dimensional harmonic quasi convex function.

Theorem 3.8. Let f:Ac R’ —» R be a two dimensional harmonic convex function.
Ifu=inf, ., f(x,y), then the set E={(x.y) €A: f(x.y)=u} is a two dimensional harmonic

convex set. If f is strictly two dimensional harmonic convex function, then E is a singleton.

Proof. Let(x,Y),(z,w) e E. Since f is harmonic convex function, therefore

Xz yw ~
1:(Z+t(x—z)' w+t(y—w)j <@A-Df(x )+t (z,w) = p,

= a , yw e E and hence E is a harmonic convex set.
Z+t(x—2) w+t(y—-w)

For the second part, assume that f (x,y) = f(z,w) = &.

Since A is a harmonic convex set, so fort €[0,1], X2 , w eA
Z+t(x—2) w+t(y—w)
Further, since f is strictly two-dimensional harmonic convex function, so
fl—X2 YW <@-t)f(x,y)+tf(zzw) = . This contradicts that
Z+t(x—2) w+t(y—-w)

p=inf, . F(Xy) and hence E is singleton.

Theorem 3.9. If f:AcR? —» R be a two dimensional harmonic convex
function such that f is two dimensional harmonic pseudo

convex
function with respect to strictly positive norm function 7(.,.).

Proof. Suppose f(x,y)> f(z,w) and f istwqg-dimensional harmonic convex function.
Then

Xz
f(z+t(x—z)’ w+t)(/\3l/v—w)J <@-t)f(x,y)+tf(z,w)
= f(x,y)=tf (x,y) +tf (z,w)
= f(xy)+t[f(z,w)—f(x,y)]
< f(x, y)+tQ-)[f(z,w) - f(x, y)]
= f(x y)+tt-DIf(x, y) - f(z,w)]
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< (X, y)+tt-Dn(u,v)
wn(u,v)=f(xy)-f(z,w)>0

1V/.Conclusion

In this paper, we have introduced and studied a new class of two dimensional harmonic
convex and harmonic quasi convex functions. We have also derived some basic results and
properties involving two dimensional harmonic convex and harmonic quasi convex functions.
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